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Q Computer experiments and Gaussian processes (GP)

© Focus on Gaussian processes

e Some entry points to the community

@ Some personal work : constraints (monotonicity,...)
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Surrogate models (or metamodels) — Computer experiments
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GP-based optimization

How to find the global minimum of a function... when each evaluation is costly 7
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GP-based optimization
A solution : GP-based (or ''Bayesian'') optimization. [Mogkus, 1975, Jones et al., 199€]

First ingredient : a GP model Y.
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GP-based optimization
Second ingredient : an easy-to-compute criterion accounting for uncertainty
at unknown regions, e.g. here “expected improvement”.
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GP-based optimization

The algorithm (here “EGO") : (1) Find the next point by maximizing the criterion
— (2) Evaluate the function — (3) Update the GP model 7.

modele

amelioration

F. Bachoc (IMT) Observatoire Midi-Pyrénées, Toulouse, October 2021



ion

imizat

GP-based opt

Iteration 2 :

1.0

0.8

0.6

0.4

0.2

<
=)

2)pow

a4 = <
c o o

99.49ds2
UOYYDLOLULD

F. Bachoc (IMT)



GP-based optimization
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GP-based optimization

Theory shows that EGO algorithm provides a dense sequence of points,
up to a slight condition on the kernel used for GPs [Vazquez and Bect, 2010] .
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GP-based inversion

Same receipt for estimating a probability of failure (“SUR” strategy).

See [Chevalier et al., 2014] for details and [Bect et al., 2019] for a convergence
analysis with supermartingales.

lllustration : Estimation of the nuclear criticity region keg > 0.95.

iteration 0 iteration 1

iteration 2

iteration 3
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Gaussian processes

Gaussian processes are stochastic processes (or random fields) s.t. every finite
dimensional distribution is Gaussian. — Parameterized by two functions

Zy ~ GP(@, k(x,x")).

trend kernel

@ The trend can be any function.

@ The kernel is positive semidefinite :

Vn7 A, ... ,oz,,,x(l), 000 7x(n)7 Zaiajk(x(i)7x(j)) Z 0.

It contains the spatial dependence.
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Gaussian processes and approximation / interpolation

he conditional mean is linear in the conditioner.

@ The conditional variance does not depend on it !
ry useful for adding new points in sequential strategies.

In the background, Z is conditioned on Z(xM)) = z,..., Z(x(M) = z,.
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Gaussian processes, splines and RKHS

The 3 faces of a kernel

GP(0,k(x,x")) <« p.sd. functions k < RKHS : H = span{k(.,x),x € D}
where H is a "Reproducing Kernel" Hilbert Space with dot product :

(k(x,.), k(x',.)) = k(x,x"). (%)

RKHS can be also defined as Hilbert spaces of functions such that evaluations
f — f(x) are continuous : By Riesz theorem, there exists a unique k(.,X) s.t.

F(x) = (f, k(- x)).
Choosing f = k(.,x') gives the reproducing identity (*).

Ref : [Aronszajn, 1950], [Berlinet and Thomas-Agnan, 2011].
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Gaussian processes, splines and RKHS

Correspondence between interpolation spline and GP conditional mean
[Kimeldorf and Wahba, 1971]

The interpolation spline is defined by the functional problem

(%) L‘;l?r{thH st. h(xN =2z, i=1,...,n

If H is the RKHS of kernel k, and if K = (k(x\),x1)));<; j<, is invertible, then
(*) has a unique solution in the finite dimensional space spanned by the k(.,x()) :

hops(x) = E [zx ‘Z(x(i)) —z,i=1,..., n} .

— In this sense, GPs are generalizing interpolation splines.

The first part (reduction to finite dimension) is know as Representer theorem.
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. FoctsonGausianprocesses |
Playing with kernels

A lot of flexibility can be obtained with kernels !

Building a kernel from other ones (basic examples)

Sum, tensor sum ki + ko, k1 @ ko
Product, tensor product ki X ka, k1 ® ko
ANOVA (1+ k) ® 1+ ko)

Warping k(x,x") = ki(f(x), f(x"))

See examples in [Rasmussen and Williams, 2006].
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Why Gaussian processes are popular in (geo)statistics / machine learning ?

GP strengths

@ Probabilistic models that traduce spatial dependence.
— provide realistic uncertainty in unvisited area.
o Conditional distributions are analytical, and the cond. var. is constant.
— Useful for prediction and sequential strategies.
o Parameterized by functions : mean and covariance (kernel).
— Flexibility.
@ At the crossing between rich mathematical theories.
— Stochastic proc., Reproducing Kernel Hilbert Spaces, Positive Definite Functions.

4
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e Some entry points to the community
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Software

DiceKriging : GP metamodels.

DiceOptim : optimization with GP.

lineqGPR : GP with constraints (monotonicity,...).
funGp : functional inputs.

nestedKriging : scaling to large data sets.
Python.

@ GP in scikit-learn.
o GPflow.
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Organizations

In Toulouse.
@ Institut de Mathématiques de Toulouse.
@ ONERA Toulouse.
In France.
@ Chaire OQUAIDO (2016-2021).
@ Consortium CIROQUO (2021-2025).
o GDR Mascot Num.
In England.

/

o Company Second Mind (Cambridge).
@ The Gaussian Process summer school.
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Master programs

In Toulouse. /
@ INSA Toulouse.

@ Master Mathématiques appliquées pour I'ingénierie, I'industrie et I'innovation
(M2 MAPI3).
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GP under linear inequalities : Impact on uncertainty quantification

GP with interpolation constraints only.
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Illustration on a toy example (cdf of a Normal distribution).
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GP under linear inequalities : Impact on uncertainty quantification

GP with boundedness + monotonicity additional constraints.

Illustration on a toy example (cdf of a Normal distribution).
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GP and linear inequalities : Some theory

A finite elements (P;) model for 1D GPs
[Maatouk and Bay, 2017, Lopez-Lopera et al., 2018]

Each sample path of a GP Y is approximated by a piecewise affine function
m
Yin(x) = ) &04(x)
j=1
where ¢; are "hat" functions and £ is a Gaussian vector extracted from Y.

@ Key point : Boundedness, monotonicity (and others) for a piecewise affine
function can be checked only at knots — finite number of conditions only.
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GP and linear inequalities : Some theory

A finite elements (P;) model for 1D GPs
[Maatouk and Bay, 2017, Lopez-Lopera et al., 2018]

Each sample path of a GP Y is approximated by a piecewise affine function
m
Yin(x) = ) &04(x)
j=1
where ¢; are "hat" functions and £ is a Gaussian vector extracted from Y.

@ Key point : Boundedness, monotonicity (and others) for a piecewise affine
function can be checked only at knots — finite number of conditions only.

Key feature

All paths / predictions fullfill inequality constraints everywhere in the space.

v

Remark : Immediate extension in 2D (and higher) by using tensors ¢ (x1)¢),(x2).
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Example of application in 2D

kery
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d

Nuclear criticality safety assessments : IRSN’s dataset.

Extra information : ke is positive and non-decreasing.
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Example of application in 2D

\ /
Unconstrained model + MLE.

Monotonicity constraints are nearly learnt with 8 points, but not with 4 points.
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Example of application in 2D

Constrained model + constrained MLE.

Monotonicity constraints are fulfilled everywhere in the space, whatever the size of
the training set.
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A 5D application (BRGM coastal flooding case study [Lépez-Lopera et al., 2020])

o e ek B

N e

Q

l(J‘% _’lJ‘% 3(]‘% JIJ‘% ﬂlJ‘% (i(l‘% 7(:“%
n
With a fraction (e.g. 10%) of the total budget (n = 200), the constrained model

(blue boxplots) outperforms the unconstrained one = save budget !
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A sequential algorithm to go to higher dimensions [Bachoc et al., 2020]

The MaxMod algorithm adds a knot / variable s.t. the L2 variation of the mode a
posteriori is maximum. Works in dimension 20 when 5 variables are really active.
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Theoretical results

Correspondence with spline under inequality [Bay et al., 2016]

Let Y,, be the mode a posteriori (MAP) of Yi,(x) = 21";1 &dj(x), defined by
replacing £ by the mode of the distribution of & conditional on the constraints.
Then, when the number of knots m tends to infty,

Y — argmin ||f||
unif. fexncnz

where C is a convex set of inequality constraints, Z the set of interpolation
constraints f(x;) = y; (i=1,...,n), and H is the RKHS associated to Y.

Convergence of the MaxMod algorithm [Bachoc et al., 2020]

Let \A/MaxModym be the MAP at iteration m of the MaxMod algorithm. Then,

YMaxMod m —> argmln Hf”
unif. FeynCnT
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